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Free E nergy  o f a L arge F in ite  Ideal Bose S ystem
A r tu r  H ahn

(Z. Naturforsch. 28a, 14—22 [1973]; received 2 October 1972)

The following problem is investigated: How large must an ideal Bose-system be to allow for 
the approximation of the finite system free energy by the thermodynamic limit. The obvious 
condition that the energy separations between the single-particle states must be small compared 
to kT is necessary but is not sufficient near the critical concentration. Instead, for this case 
additional stronger conditions apply due to the singularity of the thermodynamic free energy at 
the critical point which is caused by contributions of the lowest-energy single-particle states. These 
conditions are derived and the relevancy of the results is emphasized for a generalized theory of 
metastability in co-operative systems.

I. Problem and Results

A characteristic finite "cube-shaped" ideal Bose 
System of Volume V and hence "linear dimension" 
V*1' may be defined in terms of Bose number operators 
bkbk by the Hamiltonian

H = I  Ek bk *bk 
k

where the single particle energies

£k = D k2

(1)

(2)

correspond to standing waves-type excitations of wave 
vectors

k = n V x; x = x2, xz)\ integers > 0 (3)

The following question will be investigated in this 
paper: What are the conditions, under which the va­
riation of the finite system free energy

fv(L) = -kT V"> log tr {Pl exp(-H/kT)} (4)

with density L/V = q 1 may be approximatively re­
placed by the thermodynamic limit

/(o) = lim fv(L) ?
V-+oc 

L/V-q
(5)

According to the definition (4),

Z(L) = exp [—Vfv(L)/kT] (6)

is the partition function of the canonical ensemble 
corresponding to a closed system. It has carefully to 
be distinguished, for the finite system, from the partit­
ion function of the grand-canonical ensemble corre­
sponding to an open system for which the investigation 
dealt with in this paper would take a much easier 
form.

The thermodynamic free energy (5) of the ideal 
Bose gas with single particle energy spectrum (2) is 
well known 2> 3 as a function of density and tempera­
ture: At fixed T Bose condensation occurs at a critical 
density

oc = 2"3 £(3/2) VT~" . (7)

Here £ (z) is the Riemann zeta-function and

VT = (D^/kT)3'2 (8)

In (4)Pt is the projection operator onto the subspace 
with L bosons excited.

is a characteristic volume. For the condensed system 
o > qc the thermodynamic free energy is independent 
of q, whereas for the non-condensed system q < 
it is a monotonically decreasing downwards-convex 
function of g given by

f(g) = —kT [cp f̂**) -  o^*] , (9)

<pao(.") = —7(^/2) *2dx V"1 log [1—exp (jt—ek/kT)], (10)o
and by the relation defining ju* in terms of the original 
independent variables T and q:

(d<Poc (t*)fd/«)„ = = 9 (11)
This relation defines ju* as a negative quantity for
Q <  0c-
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1 Throughout this investigation we are interested only in 

the behaviour of the free energy as a function on density 
with the temperature held fixed. For this reason we only

indicate the independent variable L or Q, respectively, 
in the notation for thermodynamic functions writing 
fv(L) for example instead of fv(T,L). 

2 R. H. Fowler and H. Jones, Proc. Cambridge Phil. 
Soc. 34, 573 [1938].
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In the integral (10) ek has to be understood as a 
function of the continuous variable x/VVl. The inte  ̂
gral may be evaluated by series expansion of the lo­
garithm with the result 3:

V M  = 2"» Vr-'g(5/2,i0 . (12)

Here g(n,u) is defined by

g(«».") = ^  e'" ■ (°)I - 1

From this definition one obtains the relation

3g(n,//)/3i« = g(»-l,/0 (14)

which, for example, allows to write (11) more expli­
citly by inserting (12) and performing the differenti­
ation.

The finite system free energy fy(V • o) is only defin­
ed for discrete values o = L/V, with L integer, of the 
argument. Hence the separation of these values is V-1. 
Throughout this investigation we are interested in the 
case of such large systems only, that the energy sepa­
rations of the low energy (long-wave length) excitat­
ions are small compared to kT. The lowest (k + 0)- 
excitation energy

f100 = D (15)

may serve as an order of magnitude guess for these 
energy separations. Hence we may formulate this 
condition as

SiJkT < 1 (16a)

or, in terms of the characteristic volume (8), as

V > V T (16b) or V"1 < qc (16c)

equivalently.
If one wants approximately to replace fy(Vg) by 

the thermodynamic limit /(<?), (16) certainly consti­
tutes a necessary condition. However, in addition to 
(16) one has to postulate o to be sufficiently different 
from the critical density oc in order to comply with 
the postulate that the variation of fy(Vg) upon small 
variations of o is correctly described by the deriva­
tives of f(g) with respect to g■ This is not surprising 
since o = o0 is a singular point of the thermodynamic 
free energy. This result to be derived in later sections 
is as follows:

Supplementary to (16) one of the conditions

3 A. Münster, Statistische Thermodynamik, Springer-
Verlag, Berlin 1956, § 12.7.

»C -  o >  kT / (W100) (17a)
or

o -  öc >  kT / (Vf100) (18a)

is sufficient to ensure that fy(gV) is approximated by 
/(o) in this sense.
Here 5C is a characteristic density depending on T and 
system size V, which is given by (56) and (57a, b) be­
low. b\. is close to o(. for a large system and tends to 
gc in the thermodynamic limit V—►oc.

It is only under one of these additional conditions 
(17a) or (18a) that one may use the simple analytical 
results for the thermodynamic free energy as an ap­
proximation for the finite system free energy defined 
in (4).

Making use of (7), (8), and (15) and neglecting un­
important numerical factors, one may equivalently 
express conditions (17a) and (18a) as

(WVT)"» > £>,./(£,,. -  e) for L> < o, , (17b)
and

(V/Vt)1'» > 9c/(9 -  9c) for q > gr (18b)

respectively. In this form the postulate for the magni­
tude if V is clearly seen to be more stringent than 
(16b) for small values of ! g -  qv '/gc. Relations (17) 
and (18) constitute the central result of this investi­
gation. They will be proved in Sections III and IV.

II. Motivation for this Investigation

Our interest in the finite Bose system free energy 
defined by (4) stems from the fact, that this quantity 
seems to play a central role in the theory of life-time 
of certain metastable states in co-operative systems 
very near the limit of stability. Actually the problem 
investigated here arose during a previous investigation 
by the author 4 of the long-time relaxational behavior 
of ferromagnetic materials after a sudden change of 
the external magnetic field, the so-called magnetic 
after-effect. The fundamental process governing this 
effect is the thermal fluctuation of the state vector of 
the coupled magnetic system accross barriers of the 
free energy separating different metastable states in a 
finite volume of the material. Although small on a ma­
croscopic scale of, say, cm, this volume in any case 
contains a very large number of coupled atomic spins 
and hence the relevant processes are fluctuations in the

4 A. Hahn, 2. Naturforsch. 27a, 905 [1972],
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occupation numbers of collective modes of long­
wave-length low-energy spin-wave type.

An adequate idealization of the system in the neigh­
bourhood of the metastable state seems possible on the 
basis of the observation that metastability in such 
magnetic systems is associated with a removal of spa­
tial degeneracy of an isotropic exchange Hamiltonian 
by small additional anharmonic forces. In terms of 
spin-wave theory, spatial degeneracy is reflected by 
the property e (k = 0) = 0 for the energy of the k = 
0 spin wave mode. Let n* be the occupation number 
of spin-wave state k and L = Vn* the deviation from

k
the metastable state of the magnetization. The simp­
lest way to introduce into a spin-wave model addi­
tional forces which constitute a metastable state in the 
vincinity of <n0) = 0 is to introduce a gap in the spin- 
wave spectrum and to represent the anharmonicity of 
these forces, leading to a free energy barrier at some 
small L, by a linear dependence on magnetization L 
of the gap energy A. Hence in this approximation the 
all-important long wave-length spin-waves have ener­
gies

sk = A + Dk* (19)
with

A = A(L) = A0 — B L/V (20)

and A0 and B positive quantities indenpendent of L. 
In this approximation the total free energy of the 
finite coupled spin system is given by

F{L) = A0L — B L2/V + V fv(L) (21)

with fy(L) determined by (4).
One easily finds out that F(L) has a minimum at 

some finite L and a maximum at some higher value of 
L for sufficiently large A0. Thus (21) constitutes a 
model of a metastable state stabilized by a free energy 
barrier against small deviations.

It is just in this context that the problem investi­
gated in this paper enters the theory of stability of 
metastable states in the magnetic case. Of course, for 
this particular problem the quantities A0 and B in (20) 
and (21) have a special physical meaning. In parti­
cular, A0 has to be assumed a linear function of the 
external magnetic field H 4:

A0 = const (Hco -  H) . (22)

5 R. Landauer in: J. I. Budnick and M. P. Kawatra 
(editors), Dynamical Aspects of Critical Phenomena,
Gordon and Breach, New York 1972, p. 369.

Hence metastability can be switched to instability by 
variation of the external field which is quite natural 
to postulate for a reasonable theory of metastability. 
In fact in the after-effect problem one is interested in 
the case of "very weak" stability since only energy 
barriers of several kT order of magnitude are sur­
mounted by thermal fluctuations within measurable 
time.

One of the aimes of the present investigation is to 
prove some mathematical details which where used 
without proof in the previous paper 4 to derive asymp­
totic results for a special magnetic system and to 
discuss the range of parameters to which these results 
apply. However, the point should be stressed here that 
the simple model described above might be well suited 
to describe weak metastability in co-operative systems 
on a more general base. For example a quite similar 
situtation is to be expected along the hysteresis loop 
of a ferroelectric material for those parts of the 
volume the polarization direction of which is very 
near the limit of stability. As another example con­
siderations starting from (19) -  (21) might apply to 
a type of metastability or bistability in active elec­
tronic circuits with non-linear devices of the kind 
discussed by Landauer 5. In contrast with the fore­
going examples, the metastable state in these systems 
is not a thermodynamic equilibrium state but a sta­
tionary state with finite energy dissipation. The simila­
rity between these both types of metastability was 
stressed by Pytte and Thomas 6 for the special case 
of a Gunn diode near the transition to the negative 
resistance regime.

In all these cases weak metastability, that is the 
region of transition to instability, is characterized by 
the frequency of some elementary excitation of the 
system going to zero. While in the ferroelectric case 
this "soft mode" is a long wave-length optical phonon 
it is, according to Pytte and Thomas, a plasma oscil­
lation in the case of the Gunn instability.

As soon as one is interested in the stability of such 
sytems against thermodynamic fluctuations in some 
finite partial volume one may expect to meet a pro­
blem similar to the ferromagnetic one outlined above.

Concluding this review of a general background 
we emphasize the following point: the structure of 
metastable states in real co-operative systems is, in

* E. Pytte and H. Thomas, Phys. Rev. Letters 20, 1167
and 1466 [1968]; Phys. Rev. 179, 431 [1968].



general, rather complex. For example*we may think 
of a Bloch wall pinning mechanism in a ferromagnetic 
material. For this reason, results of the theory are of 
particular interest which do not depend on the finer 
details of the structure and on the values of secondary 
parameters determining it but on the general analytic 
behavior of the free energy function and on primary 
well-known parameters only. Fortunately in the ma­
gnetic case there exists such a result for sufficiently 
large Volume V as was shown in reference4. This 
result concerns the magnetic viscosity coeffient Sv 
defined by the well-known formula 7

M{t) = M0 + Zirr Sv log t (23)

for the long-time magnetization relaxation function, 
where %-lTT is the irreversible susceptibility. The result 
is, that for large volume V the viscosity coefficient 
Sv depends only on the spin-wave dispersion coeffi­
cient D and not at all on the other parameters A0 and 
B entering (21). This result is of great practical impor­
tance since the parameters A0 and B are strongly 
model-dependent and badly known in actual cases 
whereas D, on the other hand, is a rather well-defined 
and structure-independent quantity. While the way 
leading to this result cannot be described here and 
instead reference must be made to the original paper 
one may expect that in other cases results may be ob­
tained of similar simplicity on the basis of the more 
general and less specific properties of a metastable 
state. In fact this seems the only way along which one 
might hope to obtain results from theory of some 
generality.

III. The Non-Condensed System

The discussion of the problem outlined in Section I 
is different for different sign of q — gc. The case of 
the "condensed system" q >  gc will be investigated in 
section IV. Here we suppose p <  qc.

We follow the well-known Darwin-Fowler method 
of steepest descent. According to this scheme we in­
troduce the generating function

exp{V(p(z)} = Yl {1 — z exp ( —fjj/fcT)}-1 . (24) 
k

7 for reviews see for example: W. F. Brown in: R. E. 
Burgess (editor), Fluctuation Phenomena in Solids, 
Academic Press, N.Y.I965, pp. 37—78; H. Kron-

The L,h coefficient in the Taylor series expansion of 
this function

exp {Vqr(z)} = J^Z(L)zL (25)
T.

is just the partition function corresponding to fy(L) 
and defined in (6).

Hence introducing the function

V(2) = y(2) -  (L/V) log z, (26a)

exp [V y (2)] = z~L exp [V (f (2)] (26b) 

one may represent 2(L) by the contour integral

2{L) = (2ni)'1 j  (dz/2) exp [V V (2)] , (27)

with the contour including the pole of the integrand 
at z = 0 and excluding the poles at z = z* = exp (ek1 
kT) on the real axis.

In Fig. 1 the positions of poles in the complex z- 
plane are marked schematically by crosses. Moreover
the saddle-point of exp [V y(z)] on the real axis is

©

x=0 xsdjOjO)
\  7

Fig. 1. Poles (x) and saddle-point £ ol exp [V xp (2)] in the 
complex 2-plane. The poles on the positive real axis are 
in a one-to-one correspondence with the single-particle 
energies. Those corresponding to the ground- and first ex­
cited states are marked by their quantum numbers x. The 
case treated in this section is characterized by 1 — £ 
^>z100 — z0 whereas the opposite order-of-magnitude re­
lation, 1— £ <  2100 — 20, underlies the discussion in Section 
IV. In any case z ^  — z ^  1 is supposed. The figure sche­
matically represents the first of the two cases. In this case 
the main contribution to the integral (27) stems from a 
small region around The contor of integration is indicated 

in this region.

indicated. Let its position be

z = £= e>>*, fx* < 0 . (28)

müller, Nachwirkung in Ferromagnetika, Springer- 
Verlag, Berlin 1968, Chapts. 2.2 and 4.2.
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Then £ or are given by

[d/dz (exp [Vv(z)]}]|s f  =0 (29)

or, equivalently, by

[d y (z)/d log 2]i«g «.„•-<). (30)

According to (26a) this may also be written as

[d?(w)/<W„-„*-L/V (see Ref.8). (31)

Inserting the definition (24) of 99 (z) into this equa­
tion and performing the differentiation, one obtains 
the most familiar form of the saddle-point condition, 
namely

L/V = V"1 I  (exp(ek/kT -  u ^ -l} "1. (32) 
k

The method of steepest descend now proceeds in 
lowest order by expanding y  (z) in (27) in powers of 
the deviation z -  f from the saddle-point

y(2) = v(f) + *V"(f)(z-£)' + ••• (33)
Only terms up to second order are retained and the 
integration is extended to £±i<». One obtains 9

Z(L) = eVv(C) [2wV£V(f)]-i • (34)

For later use we denote here the relation

fV'(£) = [dV(f)/d/*,] , - ,4« (35)

which is easily obtained from (26a), (28), and (30).
Taking the logarithm of (34) and using (6) and (26a) 

one has

fy (I) = —kT {?(£) -  (L/V)u* -  (2V)"1
log [2nV£*y"(£)]} (36)

with
vietl) ,  _ v-i 21 log {1 -  exp 0« -  ek/kT)} (37) 

k
from (24), and ju* = log £ determined by (31), (37) as 
a function of L.

Hence comparison of Eqs. (36), (37), and (31) with 
(9), (10), and (11) respectively makes clear that the 
thermodynamic limit is a good approximation to the 
finite particle free energy as soon as the parameters of 
the model have values which allow 
1) to replace the discrete sum in (37) by the integral

(10) via the substitution

V"1 2  ] {nil) xld*/V , (38)
k »

2) to neglect the third term on the right-hand side 
of (36),

3) to restrict saddle-point integration to the lowest 
order term at all.

These three conditions are satisfied if, and only if,

exJ k T < - n *  (39)

is true in addition to the weak condition (16a). 
(39) represents an additional condition, going beyond 
(16a) for -ju* < 1, that is near the critical point. We 
restrict discussion to this case which alone is non-tri­
vial. The following discussion will show that (39) in 
fact implies the approximations 1), 2), 3) one after 
another.
Approximation 1): That (39) is the appropriate con­
dition for 1) is clear from the observation that the 
well-known singularity of the thermodynamic free 
energy at the condensation point ju* = 0~ stems from 
the divergency of the corresponding integrals repre­
senting the second and higher derivatives of the free 
energy with respect to ju* at the lower limit of inte­
gration. For example the second derivative of (p^iju*) 
diverges for ju*-*-0- as
00
f x*dx exp(x2 — u*) . , .
) [exP( * * - 0 - l ] *  C- Pr°P°»lonal to " (4°)
0

Here x = YDjiV^^x is introduced for abbrevation.
Apparently close to this singular point the lowest k  

contributions to the discrete sum and its dervatives 
play a dominant role. Hence the discrete sum cannot 
be replaced by an integral despite (16a) as long as 
-fi* is too small. The condition of being far enough 
off the condensation point clearly is (39) as may be 
seen by inspection of the lowest -  k  contributions to 
<p(£) and its derivatives with respect to ju*. 
Approximation 2): In order to estimate the order of 
magnitude of the terms on the right-hand side of (36) 
one may use the corresponding quantities in the ther­
modynamic limit. The first two contributions to the 
curled bracket are then given by

8 We have decided not to give different symbols to the
quantities /a* appearing in Sect. I and here in order to 
emphasize that, Q being fixed, fx* in both cases is the 
same functional of the functions <Poo(ji) and q>{ef*),

respectively. However the fact must be kept in mind that 
uptakes different values in both cases since the functions 
(fooifj) and <p(ep) differ. 

• see, for example, Ref. *, % 3.5.



<Po«(."*) -  = *3/2 2"3 V  [g(5/2, .«•) -  «*g(*/2, ,«*)] (41) 

on account of (12), (11), and (14). The third is

;■'(«*) = -  (2V)"> log [2jt • .t"2 2-\VIVT) g( J, .«*)] (42)

according to (35) and, again, (12) and (14).
The contribution (42) to the free energy is not ex­

tensive in contrast with the leading term (41) and 
hence does not survive the thermodynamic limit. For 
the finite system, however, condition (16b) is not suf­
ficient in order to justify the neglect of /(/<*) near u*= 
"0 since g(£, u*) diverges for ju*-*0~.

As a reasonable postulate in the case of small values 
of -u* one may require that the variation with o and 
hence with u* must be small for /(/<*) as compared to

| d yfa*) / du* | <  | d {ff^ (,a*) -  oh*} / du* | . (43)

Inserting (41) and (42) and performing the differen­
tiations with the aid of (14) one obtains

(2V)"1 | g(i, u*) | |g(-i,.«*)|
<  7i3'2 2-» Vp I «* I | g(i, ,<*) I . (44)

For small 1̂ *1 = -  ju* the functions g(i, //*) and g(-i, 
/j*) are approximately given by

g(l,,u*) = jA (-«*)"! 1
!" (45)

which are the dominant contributions for n = ± I from 
the general asymptotic expansion for small -u'%

00
g(n,u*) = r  ( i - n )  (~ u * r l + ~ {u*y ' (46)

1 - o

given by Robinson 10 for non-integer n. 
Hence a numerical factor neglected,(44) is found equi­
valent to

VT/V < (-^*)s/2 or (VT/V)"3 < (-u*) . (47)

This again is condition (39) on account of the defini­
tions of VT and e100 given in (8) and (15), respecti­
vely n .
Approximation 3): This approximation consists in re­
placing the argument of the expontential under the 
integral (27) by the first two terms of the power series

10 J. E. Robinson, Phys. Rev. 83, 678 [1951]. 
" By the way we denote here the leading term in the 

asymtotic expansion of f(o) for small values of oc — p. 
This is f{o) Ä=(16/3n4) VTikT (oc—o)s as may be seen

(33). This is a god approximation if the exponential 
falls off to negligible values within an interval around 
the saddle-point which is small compared to the radius 
of convergency, r.

This condition may be expressed by

V i/'" (£) r2> \ . (48)

The radius of convergency is given by

r= l (49)

for small values of Inserting this into (48) and
multiplying the left-hand side by which is near 
to 1, one obtains:

V (-/<*)- > 1 . (50)

The left-hand side may again be estimated by insert­
ing the thermodynamic limit of the corresponding 
quantities. With the aid of (35), (12), (14), and (45) 
one finally again arrives at (47)'or, equivalently, (39). 
In condition (47\-/j* may be expressed by the devia­
tion oL—o of the density from the critical density o,.. 
The relevant relations for this purpose are (11), (12), 
(14), (7), and the asymptotic expansion (46) for n = 
3/2. Retaining only the leading term for small or 
oL.—(j respectively and again neglecting an unimportant 
numerical factor, one obtains (47) in the form

VT/V < (pc-o )3/ p,3 (51)

which is the same as (17b) stated in Section I.
After having reached the aim of this section it seems 

worthwhile to review the simple geometrical meaning 
which conditions (16a) and (39) receive in Fig. 1 
above: Both conditions regard the density of poles on 
the real axis z ^  1 which correspond to the single- 
particle states. The first of these conditions postulates 
that the distance of neighbouring poles must be small 
compared to one. According to the second this distance 
must, moreover, be small compared to the distance 
1 - ^ - u *  of the saddle-point from the pole corre­
sponding to the single-particle ground-state. It is only 
when both conditions are fullfilled that the discrete 
spectrum of poles may be approximated by a conti­
nuum in the calculation of the free energy and its 
derivatives in the case q < gc-

by inserting the expansion (46) into (12) (11) and (9) 
and expressing ( — /**) by oc — o via (11). This formula 
was used in Eqn. (24) of Ref. 4 without detailed deri­
vation.
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IV. The Condensed System

The thermodynamic free energy is a good approxi­
mation to fy(L) not only in the case ^  EwJkT 
discussed in the preceding section but also for the 
case ^  e100/kT, that means for the saddle-point 
lying very close to the k  = 0 pole indicated in Figure 1. 
In this case fy(L) becomes nearly independent of L on 
account of Bose condensation into the ground-state 
k = 0.

The method of steepest descend is not applicable to 
our problem in this case since condition (48) fails now. 
There has been some doubt as to the results of the 
method even in the thermodynamic limit many years 
ago ,2- 13- 14. These doubts are meanwhile removed by 
several authors careful investigations 15- 18- 17, which, 
essentially, proved that in the thermodynamic limit 
the results obtained by a formal application of lowest 
order saddle-point integration did not differ from 
rigorous results obtained by other means. For the pre­
sent investigation on the finite system, however, a 
method different from saddle-point integration has 
to be developped.
Our aim is the proof that far enough from the critical 
density, fj-(Vo) as a function of o approximately has 
the same property as f(g), namely: to be independent 
of o. In fact for the finite system in contrast with the 
thermodynamic limit aways

fr (Lt) -  /v(I,) >  0 (52) for L.z > L, (53)

holds. This follows from (66) below in combination 
with (6). The content of this section will be to show 
that the difference on the left-hand side of (52) be­
comes very small for L1/V=q satisfying (18a). More 
definitely it will be shown that

/,.(!,) -  fy(L2) < k T W ------

holds for
Lt > L, > Zc (55)

where
U = Vgc (56)

is the smallest integer larger than or equal to

12 G. Schubert, Z. Naturforsch. 1, 113 [1946]; 2a, 250 
[1947].

13 R. B. Dingle, Proc.Cambridge Phil.Soc.45,275 [1949].
14 H. N. V. Temperley, Proc. Roy. Soc. London A 199, 

361 [1949].

L^6kT/Fi00 + ^ { e x p [(sk-ElM)/kT] - l} "1 , (57a)
kjr- 0, 
fk fjoo

i. e. Zc = [Zc] (57b)

in a. conventional notation.
In fact ö(. defined by (56) and (57a, b) is easily seen 

to have the property

lim oc = °c (58)V— -C

claimed in Section I. The proof is trivial and omitted 
for brevity.

Inequality (54) just implies the property of the free 
energy which was stated in Section I: Assume (18a) 
to hold for y = Ly/V. Then the exponent in (54) is 
large and negative and hence the variation of /j-(Z-2) 
with L2 is negligibly small. In other words: the finite 
system free energy is practically constant for Boson 
numbers above Lx in agreement with the thermodyna­
mic free energy.
The rest of this section will be devoted to the formal 
mathematical proof of (54). For this purpose let

Z'(X) = (2jri)-1 /  exp [V <f'{z)] d7.1 z (59)

denote the partition function of a finite Bose system 
differing from the previous one by the omission of just 
the k = 0 single-particle state. X ^  0 is the number of 
Bosons. We mark all quantities belonging to the new 
system by setting a prime to the corresponding symbol 
and, moreover, indicate by a prime the absence of the 
index k  = 0 in sums or products over k.

exp [V <p'{z)] = Z'{X) z' = II' [1 - z  exp (sk/kT)]~l (60) 
1 k

is the generating function. The saddle-point £'(L) of 
the function exp [Vcp\z)]/z'' is given as a function of
L by

L = r[exp(Ek/kT)/S'(L)-\]-* . (61)
Jc

Two properties of the function £'(!) will be of use 
later, namely

d f (L)/dL > 1 (62) and (L) <  exp {sxJkT) .(63)

15 A. R. Fräser, Phil. Mag. (7) 42, 156 and 165 [1951]. 
10 R. B. Dingle, Adv. Phys. (Phil. Mag. Suppl.) 1, 111 

[1952].
17 P. T. Landsberg, Proc. Cambridge Phil. Soc. 50, 65 

[1954].



Moreover, let L0 be defined by

then

holds.

Lo = 2" [exp (ffc/kT)— 1 ] ,  
It

f  (Lo) = i

(64)

(65)

The connection between the partition functiones for 
the primed and original systems is given by

Z (L) = ß)
i<L

(66)

This relations follows from the observation that the 
whole of distributions of L occupation numbers with 
a fixed number L -  /  > 0 of bosons in the k  = 0 state 
yields the contribution Z'(X) to Z(L).

The condition for f'(L) being saddle-point

-gj {c?' («)/*£}
I - f (L) = 0

has the consequence

V (x-L) [Fff.)]*Z' (A) = 0
X

(67)

(68)

as may be seen by inserting (60) into (67). (68) may 
be rewritten as

the summation but also the three-fold degenerate first 
excited state. From (61) and (63) follows:

L < 3 [exp (elct/*7)/r (Z.) —I]"1 + L (74)
or

[ f  (/.)]"' < [exp (~exJkT)] [1 + 3/(L-L)] (75)

Now suppose not only (70) but, moreover,

L >  Zc . (76)

In fact this postulate is stronger than L > L0 since 
L„> L,. as may be easily deduced from the defini­
tions (57) and (64). From (76), (73), and (57) the 
relation

Z.-L>3-2fcT/f100 (77)

is easily deduced. Finally (77) implies the weaker in­
equality

L-L>3/[exp(eI00/*7)-l] (78)
which one may combine with (75) to obtain the de­
sired estimate for namely

[ f  (L)]-» < exp (—el00/2kT) . (79)
The proof of (54) now proceeds as follows: let Lv L2 
be numbers such that

Lt >  L, > Z. ^  Zc > L„ . (80)

V ( x - l )  [ r  (L)yz'(i)= 2 (L_yl) W ^ 2'^) <'69) From one has:
i>L

where now all contributions to the sums are non-nega­
tive. Let now be

/ > L >  L0 (70)

from whidi follows, according to (65) and (62),

(/) >  (Z.) >  1 . (71)

Then one may weaken (69) to obtain an inequality by 
replacing the sum on the left-hand side by the single 
term /  = / and by replacing on the right-hand side 
the factors {L-X) [£ '(!)]x by the larger quantities 
Z.[f'(Z.)]\ Using (66) and re-arranging terms one 
arrives at
Z (/)/Z (L) < - j^ J -  [£' (L)]~i,'L> . (72)

Next an estimate of £'(L) is needed. For this purpose 
introduce the sum

{exp[(fk - fl00)/^7]-l}-' (73)
fit ^  C100

where now not only the ground-state is excluded from

Lt Lt
Z(Lt)/Z(Lt) = / + IjZVVZiLJ < 1 + i  Z'(/)/Z(£) . (81)

/ = L\ + 1 I . /. i + l

This may be transformed to a weaker inequality with 
the aid of (72) and (79). The result is:

2kT (82)Z(Lt)/Z(L1) < l +T^ T  2 > P
I - Li * 1

Besides in deducing (82) use was made of the inequa­
lity

U(l — L) <  L,/(L, —Z.) (83)
valid for / > Lx> L.
The sum over / in (82) is easily shown to be smaller 
than

(2kT/elM) exp [ -  f100(L, -  L)/2kT] . (84)
Hence

Z{Lt) 
2(Lt) < 1 Lx 2 kT 

—L f100 exp W ------J -(85)

This inequality remains true for L = Lc. Inserting this 
value, taking the logarithm, and weakening the re-



suiting inequality once more with the aid of the rela- course, (6) has to be used also. The proof of (54) was 
tion log (1 + x) <  x,one obtains inequality (54). Of just the aim of this section.

D issocia tive  E xcita tion  P rocesses in  H 2O

N. Böse and W. Sroka
Institut für Angewandte Physik der Universität Hamburg, Germany

(Z. Naturforsch. 28a, 22—26 [1973]; received 5 October 1972)

In a single step process the HzO molecule is dissociated into excited atoms or ions. The 
radiation of these particles — H*, O I and O II — is investigated by means of VUV spec­
troscopy. The excitation functions of the various lines show a pronounced structure. An attempt 
is made to explain these structures by different excitation processes.

Apart from two investigations of the Ly a line at 
1215 A 1»2 there are no other publications about the 
radiation in the wavelength region 500—1250 Ä caus­
ed by dissociative excitation processes from electron 
collisions in water vapour.

The Lyman series, oxygen atom and oxygen ion 
lines were investigated. Many structures in the exci­
tation functions were found and an attempt is made 
to explain these structures by different processes lead­
ing to radiation of the same wavelength.

Apparatus

The apparatus: the electron-molecule collision 
chamber, the electronic equipment and the vacuum- 
ultraviolet-monochromator is described in 8.

In these experiments the intensity of the radiation 
of different lines was measured in dependence on the 
electron energy with a multichannel analyzer. The 
electron energy scale (number of channel) is calibrated 
by measuring the appearance potentials of some strong 
atomic lines in the rare gases. The accuracy in the 
range 12—23 eV amounts to ± 0.5 eV because there 
are many calibration points, whereas at about 50 eV 
it is only ± 2.0 eV 4. Special care was taken to purify 
the water vapour 4.

Spectrum

Figure 1 shows a spectrum obtained by electron bom­
bardment of HgO molecules at a pressure of 10~3 Torr 
and a beam current of 400 /uA. The electron energy 
amounted to 150 eV.

Six lines of the Lyman series, three O I lines and 
five oxygen ion lines were observed. It should be noted 
that the cross sections of the O II lines are almost of 
the same order of magnitude as those of the O I lines. 
Near 600 A some very weak lines can be seen. Ac­
cordingly this part of the spectrum was measured with 
increased pressure and current and a longer integrat­
ion time of the rate meter. In this case the signal to 
noise ratio was about 1/2.

Excitation Processes

a) Excitation of the Lyman series

The experiment covered six transitions in the Ly­
man series. All excitation functions show structures 
near the threshold. In the shape of the excitation func­
tion of Ly a there are at least three different onsets, 
probably even four. At about 40 eV there seems to be 
a resonance-like structure.

The other Lyman transitions show only two onsets. 
We probably can not see any others because of the 
lower intensity.

Reprint requests to Dr. W. Sroka, Institut für Ange­
gewandte Physik der Universität Hamburg, D-2000 
Hamburg, Jungiusstraße 11. 
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